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Linear models and linear mixed models have a long history in the analysis of complex traits. In my
research, I have found it difficult to pin down certain results as there are many references each with a
different style. I created this document as sort of a tutorial as well as a reference for certain important
results. I begin by explaining ordinary least squares (OLS) and then show how these results can be extended
into generalized least squares (GLS). Following these basic results, I introduce the basic variance components
models often used in the analysis of complex traits in genetics.

1 Ordinary Least Squares (OLS)
1.1 A Simple Model

Let us assume that we are given phenotype measurements for n individuals and we denote each measurement
by y;. The simplest generative model for this data is given in equation 1.

Yi= ukte (1)
e; ~ N(O,Jg)

In equation 1, we assume that each phenotype measurement is simply a function of a mean value p and
a random error. We assume that the random error is normally distributed with mean 0 and variance 2. In
order to estimate the two unknown parameters we adopt a framework such as analysis of variance (ANOVA)
or maximum likelihood (ML). The solutions are the same and are very well-known. The optimal estimates
[ and 02 for  and o2 are given as follows. These solutions should be recognizable as the sample mean and
sample standard deviation introduced in basic statistics classes.

p= Tk 2)
)2
i = U4 (3)

>

1.2 A Less Simple Model

It is reasonable to assume that we might want to include other observable variables in the model for our
phenotype. For example, sex or age very often effect phenotypes and it will do us well to include them our
generative models. The model in equation (4), shows a general view of a model of this type. In this model,
the phenotype y; is assumed to be a function of global mean (u) and a set of ¢ — 1 other known covariates,
along with some error. The value of the jth covariate is denoted by x; and its coefficient is denoted as ;.

Yi= WP+ pix1+ Poxa+ -+ Bgo1xg—1 + € (4)



Going forward it will be beneficial for us to adopt matrix notation as the results are more easily obtained
and more easily understood in this format. Equation (5) gives the general form of an OLS model, where X
is an n X ¢ matrix encoding the global mean and g — 1 fixed effects, 3 is a coefficient vector of size ¢ and e
is a random variable assumed to follow a multivariate normal distribution with mean zero and variance oI.

e~ N(0,021)
In order to find the vector of coefficients, we define a simple objective function that we would like to
minimize. The 8 that maximizes the likelihood of the observed data is that beta that minimizes the deviations

of the predictions made given the vector to that of the actual data. To do this we find the 5 that minimizes
the following equation.

Q)= +ly—XB)(y—-Xp) (6)
Differentiating this equation we get the following.

0Q i B

o5 - X (y =XB)/n=0 (7)

(8)

Setting equal to zero and solving, we arrive at the well-known maximum likelihood solution for g, B

X'X3 = X'y 9)
B= (X'X)"'X'y (10)

This B is our estimate for the true 3. We also want to estimate the variance o2. To do this we can simply
sum of squared residuals and divide by the degrees of freedom.

72 = VXY XD ()

These are the basic OLS results. Now let us look at some properties of these results.

1.3 Best Linear Unbiased Estimates (BLUEs)

Given the above results, we can look at some interesting properties which will help us to derive some statistics
later. Most of this section is coming from [1].

Theorem 1.1 (Guass-Markov) B s a best linear unbiased estimator for B if the following conditions hold.
1. X is non-stochastic
2. y is a random vector such that E(y) = X3 and var(y) = oI for some o2 > 0.

Further, if we assume normality, that is, if we assume that y ~ N(X3,02I), then we can also state the
following without proof.

Theorem 1.2 Stuff that is useful about our estimates

1. B~ N(B,02(X’X)"1)

2. (n—q)o2/ol ~x*(n—q)

3. E(o:g) =02 and var(aAg) =202/(n—q).



1.4 Hypothesis Testing

Given the estimates for 8 and o2, we most likely will want to test a hypothesis about our estimates. For

example, we might write the model for our phenotype to include both mean and some SNP effect. In
this case, we will want to test the significance of our SNP effect. In order to define our test statistics, we
first need to consider some properties of our estimates. In particular, let us consider the estimate for 3,
8= (X'X)~1X'y. If the inverse of X’X does not exist, then we might use a pseudo-inverse. However, our
estimate of (3 is very sensitive to our choice of pseudo-inverse and there are many. The value of XB does not
vary with choice of pseduo-inverse however, so we choose to test hypothesis on this product rather than just
s.

With this in mind, let us consider how to test the hypothesis that RX3 = r, where R is a ¢ x n matrix, X
is the n x q, B is our ¢ x 1 vector of coefficients and r is a ¢ X 1 vector of hypothetical coefficient values. The
reason for this complicated test is of course because we need to use X/ in order to guarantee invariance to
choice of pseudo-inverse. We choose R in such a way that we can obtain the values of our hypothetical vector.

Example 1.1 Choosing R

For simplicity of notation, we will assume that R has the form MX, so that it meets the requirements
set forth previously and will subsequently test the hypothesis that RG = r. Assuming that B is normally
distributed, we know that RB is also normally distributed, as normality is preserved under linear transfor-
mations. This leads us to the following conclusions.

B~ N(Bo2X'X)) (12)
R~ N(RB,02R(X'X)"'R) (13)

Given these we can then show that when testing the hypothesis RZ = r, we can define the following statistic.

(*’R(X'’X)"'R/)"2(RB —1) ~ N(0,I) (14)

And subsequently

(R — 1) (i R(X'X)'R)) (R — 1) ~ xX*(q) (15)

Of course, we cannot use this statistic unless we know the actual value of 2. We can use the estimate, but

in order to do so we must account for the uncertainty there. We stated earlier that (n—q)o2/02 ~ x%(n—q),
so we can use this to derive an F-statistic. As a reminder, an F-statistic is the ratio of two y2-statistics that
have been divided by their respective degrees of freedome.

_ (R0 (ZRXX)'R) T (RI-1)/g
0= (n—q)o2/02(n—q) (16)
RA—1) (R(X'X)"'R) V(R
(ﬂ)((q()ﬁ)(ﬁ) an

With this we can then claim taht ¢ ~ F(g,n — ¢). Under the null hypothesis this statistic follows the
prescribed F-distribution, so given a level of significance we can assess the significance of our SNP or other
covariate of interest.



1.5 Statistical Power

Statistical power is defined as the probability of obtaining a statistic at a particular significance level, or
alternatively rejecting the null when it is in fact false. For example, if we know that we can calculate an
F-statistic on our B and we know that when we observe a statistic that is greater than 3.14 we will reject
the null hypothesis, then the power is defined as the probability of observing a statistic greater than 3.14.
This is different than a p-value, as a p-value is the probability of observing a statistic as extreme under the
null. For power, we must consider the alternative distribution. That is, we must be able to integrate over
the alternative distribution from the value 3.14 to the end of the distribution (co).

One motivation, which will be developed later, for computing statistical power is as follows. We may want
to know what our power to discover some causal SNP is under some particular experiemental setup. In order
to compute such a number, we must make a number of assumptions, but given that this has been done, we
simply need to figure out what our alternative distribution for the 3 is. That is, we need to determine what
distribution our computed [ statistic follows when the SNP we are testing is in fact causal. The simpilest
thing that we can do is to assume that our statistic still follows the distribution that we assume it to follow
under the null, except that the mean has been shifted by a non-centrality parameter (NCP). Let us consider
how we might derive this alternative distribution.

Let us consider that as before we are testing the hypothesis that R3 = r, while in actuality RG =r + 6.
For this case, let us consider the folliwng result.

(ZR(X'X)7'R/)"%(Rf 1) (18)
= (C2R(X'X)'R/)"2(R(B - B) +0) (19)
(20)

Given that 3 is normally distributed, we know that

(0ZR(X'X)"'R/)"2(R(6 — 8)) ~ N(0,1) (21)

Subsequently, by adding the ¢ term, we shift the mean, so that

(e2R(X'X)"'R/)"2 (RS — 1) ~ N(D~1/25,1) (22)
(RA — 1) (c2R(X'X)"'R/)"H(R3 —r) ~ x2(q; ' D~ 16) (23)

where D = o?R(X’X) 'R’ and the x? parameters are degrees of freedom and non-centrality parameter,
respectively. Using the non-centrality parameter we determined we can calculate the power under a particular
hypothesis and assumption of alternative value.

(Note: Most of this is directly from [1])

2 Generalized Least Squares (GLS)

For ordinary least squares we made one very important assumption, which was that the error terms or resid-
uals in the phenotype measurments were uncorrelated. In practice, this is not a very reasonable assumption.
For example, if we are measuring cholesterol over some genetically similar strains of mice, it is reasonable
to assume that part of the "measurment error” between the strains is correlated. This correlation is likely
due to the "error” not actually being error, but being some unmodelled effects, such as genetic effects. We
will address this issue in a later section. The important thing to note here is that for GLS we will no longer
assume non-correlated error terms.



2.1 The Model

In the OLS model, we assumed that var(y) = o21. For GLS we will no longer assume this and will instead
define var(y) as 3, which is a positive semi-definite matrix. If we assume that our vector y is of size n and
each value represents the measurment of a particular phenotype in a particular strain, then the diagonal
terms of ¥ represent the variance of the phenotype within strain and the off diagonal terms represent the
covariance of the phenotype between strains. In order to derive the parameter estimates as we did previously,
let us consider a possible model.

y=X3+u+e (24)

Regardless of the distribution of u and e, we can derive the estimate of 8 while assuming that var(y) =
var(u+e) =¥ and E(y) = XB. We could derive the estimates of 8 by assuming the normal distribution
of y and using maximum likelihood or restricted maximum likelihood in order to derive these values. An
easier way is to transform our current distribution into the OLS version. In order to do this, let us consider
an imporant property of the normal distribution.

The normal distribution is actually one of a class of spherically symetric disributions [2]. This set of
distributions has the property that under orthogonal transformations the likelihood function remains the
same. That is, £L(T'y) = L(y), where I is an n X n orthogonal matrix and £ represents the likelihood function
of y. This property has the more familiar and not-so-obvious consequence that when we apply a linear
transformation to a normally distributed random variable, we obtain another normally disributed random
variable. This rule or property can be summarized as follows.

y ~ N(p, %) (25)
Ay+b~ N(Ap+b ASA) (26)

We can use this property to transform our model in such a way that we can obtain a model 24 for which
we can use OLS. Consider this transformation.

Gy = GX3+ Gu+ Ge (27)
Gy ~ N(GXB,GXG') (28)

If we can select G in such a way so that GEXG’ = I, then we can effectively return our model to the
assumptions neccessary for estimating 8 using OLS. When ¥ has certain properties, like being positive semi-
definite, we can show that £1/2X%~1/2 = J. This means that if we choose G = X~1/2, then we will transform
our distribution appropriately. Let’s consider the estimate for § in this case. Previously, we showed that
B = (X’X)"1X’y. By substituting X with GX and y with Gy we obtain the following.

BGLS — ((2—1/2X)/2—1/2X)—1(2—1/2X)/2—1/2y (29)
(X/E—1/2/2—1/2X)—1X/E—1/2/E—1/2y (30)
(X'EZ1X)"1X's 1y (31)

2.2 Best Linear Unbiased Estimates (BLUEs)

The way in which we derived the estimate for 3 using GLS was done in such a way to guarantee that Bers
is a BLUE.

Theorem 2.1 (Aiken) Given that

1. X is non-stochastic



2.y is a random vector such that E(y) = X8 and var(y) = X.

Then Bars is a BLUE for 8 and Bars ~ N(8, (X'S~1X)~1).

2.3 Hypothesis Testing

Given theorem 2.1 and our previous derivation of test statistics in section 1.4 for OLS, we can make a similar
statement about the statistic neccessary to test the hypothesis that R =r.

(Rfcrs — 1) [R(X'STX) 'R (Rbars — 1) ~ x*(q) (32)

However, we find that this is problematic, as the true value of ¥ is in practice unknown. That is, we have
most likely estimated ¥ from our data in a domain specific instance. We can get around this by making the
assumption that we know X up to a scalar multiple. Consider our transformation (Gy = »-1/ 2y). We chose
G in such a way that we guaranteed that our variance would be I. If we consider that the true variance
structure of y is Sigma and that what we used was actually an estimate such that 3 = 032, then our
transformed y will have variance 02I. With this we see that

(RfBars — ) [R(X'T1X)"'R/| " (RfBaLs — 1) (33)
= (Rfers —1r)[R(X'(202)"'X) 'R} (RBeLs — 1) (34)
_ (ngGLS*T)I[R(X/271§)71Rl]71(RBGL57T) ~ X2(Q) (35)

c

I did not plug in 3 in the 8s above, but if we do, the o.s will cancel. We can assume that the s will
be calculated with the estimates and not write it about for brevity. We now obvserve that we can use our
estimate for X, but we have a new parameter o, that is unknown. As we did before, we can use this statistic
to create an F-statistic, so that this parameter goes away. Without the full derivation we will have an
equation similar to the OLS statistic.

(Rfgrs — ) [R(X'T1X) 'R/ (RBaLs —r)

~ 2
Oc g

¢ = (36)
¢~ Flg,n—q) (37)

_ The estimate of o. comes from the basic sample variance estimate, but we use the transformed data,
» /2y If we plug this in and do some manipulation we will find that

A 2 EsTIxXEOIX) X!
G.° = y'l (n_q ) ly (38)

One way around these extra calcuations is to normalize the data. I'm not sure what the implications
are, but it shouldn’t make a difference. In that case, we known that each variance componenet will have to
be less than one and that the total variance should add to one. Variances will just have to be scaled and we
should not lose any information...I think.

2.4 Statistical Power

We can derive the statistics and non-centrality parameters to estimate statistical power for GLS the same
way as for OLS, shown in section 1.5. We first consider that Sgrs ~ N(8, (X'2~1X)~1). In the previous
section, we showed how we can obtain a x? statistic for the hypothesis test RBgrs = r. We can derive a
non-centrality parameter for this statistic by considering the case when R =r+ 4§ (r = R8 — ).



R(X'SIX)'R/|"Y2(R3 —r)

= RX'Z'X)'R] V2R -RB+0)
= [RX'ZIX)R/V2(R(B - B) +6)

Because we know the distribution of B and therefore RB, we can say that

[R(X'E™'X)"'R]7V2(R(6 — §)) ~ N(0,1)
[R(X'E™'X)'R7V2(R(B — B) +6) ~ N(R(X'S'X) 'R /%6, 1)

We can then square this statistic in order to obtain a x? statistic. Let W = [R(X'E71X)~!R/].

(R(3—B) + )WL (R(3 — B) +9)
= RB-1)W I (RB—r) ~x*(q; ' W15) (39)

The final solution is a x2 statistic with ¢ degrees of freedom and a non-centrality parameter of & W16,

3 Modeling Phenotypes

Note: This part is not very well written and needs a lot of work...

It is of interest to us to use mixed models and GLS in order to model phenotypes and test for associations
between variables of interest. It seems to have become rather generally accepted by many people in the field
that phenotypes can be modeled using a multivariate normal framework. The observation that phenotypes
follow a normal distribution was made by Galton in the late 1800’s and an explanation and statistical model
for this phenomenon was suggested by Fisher in 1918 [6]. It is questionable as to under what conditions
the assumption of normality holds and this was discussed at length by [4]. In our case, we will assume that
the phenotypes of interest follow a multivariate normal distribution and we will develop a model for our
phenotypes for which we can use the results from GLS in order to test hypotheses and estimate variables of
interest.

3.1 Variance Component Model

The assumption of normality and the use of variance components has been heavily employed by the genetics
community since Fisher’s seminal paper in 1918 (insert large number of references). The basic idea of
a variance component model, as described by Fisher [6], is that a normally distributed phenotype has a
variance Vp that can be represented as the sum of additive variances each due to some effect [8]. For
example, we might have a phenotype for which the variance can be partitioned into three components. We
might assume that part of the variance is explained by a genetic component (Vg), part is explained by a
household component (Vi) and part by random error (V). In this case our total variance will just be the sum
of each of these components Vi = Vg + Vi + Vg. Obviously, we assume that the variances are uncorrelated.
We can generalize this to say that y ~ N(u, ), where y is our phenotype of interest and £ = >, Vi, where
each V; is an individual matrix contributing to the overall multivariate normal variance-covariance matrix.

Let us consider the case when we are interested only in genetic variance and error variance. We might
suggest a phenotypic model of the following form.

Yi= Mit+git+e (40)

In this model, y; represents an individuals phenotype for trait 7, g; represents the genetic contribution to the
phenotype and e; represents the contribution of error. An individual will have many genetic markers across



the genome that will contribute portions of the phenotype, so we let al(i) represent the additive contribution
of locus ! to phenotype i. We can assume that the genetic component of the phenotype can be summarized
as the sum of all individual contributions from each locus. If we assume that there are no dominance effects,

we can then write our model as follows.

yi= mi+Ya +e (41)

We can further decompose the a;’s into individual contributions from each partiular variant and we can
calculate the covariance of this genetic effect between any two individuals. The solutions for these types of
calculations are well-known and can be found in [5] for example. The final result is that var(g;) = 202®,
where ® is the kinship matrix and again we are assuming no dominance effects. The kinship coefficient
between two individuals represents the probability of them sharing a gene identical by decent at a randomly
chosen locus, so it makes sense that the covariance between individuals is proportinal to this. If we assume
that the number of genetic loci is very large and that the contribution of each is very small, we can represent
this genetic component as a random effect in our model. If we were to see the derivation of var(g;), we
would know that E[a;] = 0, so that g; ~ N(0,202®).

The calculation of the kinship matrix (®) is laborious and it was shown by [7] that an identity by state
(IBS) matrix can be used to represent the polygenic background. In this formulation of the model, we think
of each of the genetic loci as being a covariate in our model.

Yi = pi + Zﬁ(i)Xk + e (42)
K

As we stated earlier, if we assume that k is large and that each loci contributes a small amount, we can
assume that >, B X, follows a multivariate normal distribution. Kang et al. shows that this variance can
be esimated by o, K, where o, is the additive genetic variance and K is the IBS allele sharing matrix. They
also present a method for rapidly estimating this variance component and performing association tests.

With all of this said, we will adopt the model assumed by Kang et al., which is fully summarized in
equations below.

y=X3+g+e (43)
g~ N(0,0;K) (44)
e~ N(0,0%1) (45)

In this model, y is a phenotype vector of size n, X is an n X ¢ matrix of covariates, J is a vector of
coeflicients of size ¢ and u and e are random variables accounting for genetics and error, respectively. With
this model, we can say that our phenotype y is N (X3, X), where 3 = JgK + 021 and we can utilize our
previous GLS results. In the next section, I will describe what we would like to do for hypothesis testing.

3.2 Hypothesis Testing

Given, our variance components 03 and o2, we can use the GLS F-test described previously. In association
studies, we want to test the significance that one particular SNP has on a phenotype. We do this by fitting
the model described in equation 43, where X is an n X ¢ matrix of covariates, one of which is a snp of interest.
That is, one covariate included in X is a vector of SNP values for each strain of mouse. These values could
be coded as 0, 0.5 and 1 for homozygous major allele, heterozygous and homozygous minor allel. We can fit
the model and then design an appropriate R matrix to test the hypothesis that our SNP has no effect. For
example, let us consider the case when the X matrix has one column of all ones and another column that is
representative of the SNP we are testing. In this case, our 3 vector would be of size 2. The appropriate R
would then be [0 1] so that we would be testing RS =r = 0.



3.3 Statistical Power

In order to estimate statistical power, we need to be able to calculate a non-centrality parameter for our
association statistic. For the GLS case, we showed how we can calculate a non-centrality parameter and
estimate power by assuming that our r is actually equal to something else. We can do the same trick here,
but in order for it to be meaningful we need to make some more assumptions about how phenotypes are
modeled. More specificically, it doesn’t mean much to say that when r = 5 we have a certain power. Instead,
we need to determine the value of r by using concepts that are familiar to geneticists and have some meaning
within this domain. We consider two parameters of interest that we use in order to determine the value of
r and in turn calculate our non-centrality parameter. These are heritability (hg?) and SNP effect.

3.3.1 Heritability

Heritability is at the core of genetics. The definition of genetics is in fact the study of heritability. Geneticists
study heritable traits. We can think of heritability as the portion of phenotypic variance that is explained
by the genetic component. Within our model this means that heritability (hg?) is defined as follows.

o2

hg® = 21— 46
g o2 +o? (46)

Simply put, we estimate the heritability of a trait as the proportion of additive genetic variance to total

additive variance. For a given heritability and given o2, we can solve for the genetic variance component.

hg?ca?
2 _ e 4
70T (1= hg?) "

In our case, we have to consider that we are using a multivariate framework. Our calculation of heritability
has to consider the covariance between individuals when computing heritability. We define heritability as
follows.

2 var(g)

hg —  war(g)tvar(e) (48)

The var(g) is not known with out instantiating g. Also, the sample variance does not follow a known

distribution. We can however attempt to approximate it with the expected value and this seems to work
relatively well in practice.

var(g) = 58'Ss (49)
Elar(g)] = 502Tr(SK) (50)

n—1
, where S = I,, — (1/n)J,. This is given by well-known equalities for quadradic forms (see matrix
cookbook or basic statistical results in a linear models book). Subtituting the expected value of the sample
variance of g and solving for ag we get

2 hg*var(e)(n—1)
%9~ (1 - hg?)Tr(SK) (51)

3.3.2 SNP Effect

We also want to incorporate SNP effect into the calculation of our non-centrality parameter. The idea of
SNP effect is that when a SNP is causal it will have some effect on the phenotype. The magnitude of this
effect is important. Specificially, the percentage of the total variance that we can account for by the addition
of this SNP is important. This quanity is what we call SNP effect.



We can think of SNP effect in the following way. Let’s say that we have a phenotype vector y such that
y ~ N(0,X), where X is our variance-covariance matrix that is representative of the genetic background.
We can create a new phenotype by the addition of a SNP effect.

y =y +xp8 (52)

The new phenotype has an effect from some SNP x, which will change the base level phenotype by 3
when an individual is homozygous. The SNP effect (s) can then be thought of as the proportion of the total
sample variance of y’ that is due to the effect of the SNP. We can represent SNP effect in the following way.

2
. Gvar(x) (53)
Bvar(x) + var(y)
If we solve for 32 we get that 32 = —29®)__ We can consider that the x is a given SNP and that s is

- (1-s)var(x)"
a given SNP effect, but we are not able to solve directly for the sample variance of y unless given a specific
instance. We get around this by doing the following.

var(y) = 3, (vi —9)*) 7t (54)
= —Ly'Sy (55)

where S = I, — 1J,, (J,, is an n x n matrix of 1s) and Tr() is the trace of a matrix. With this we have
a solution for 3.

> 8 YySy
p = 1 - sx/Sx (56)

3.3.3 Estimating Power

Using the previous found in equation 39, we know that our null distribution is x?(q) and that our alternative
distribution is x2(¢; ' W~148), where § = /32 and W = R(X’S!X)'R/. The W in this equation is a
function of the variance of beta and the R used in the hypothesis test. Both of these will be dependent on
the experimental setup. More specifically, the X will depend on the SNP we are testing and the sample
variance of y will depend on X, which will depend on the kinship matrix and the heritability. Assuming that
we have a given heritability and the correpsonding genetic variance component o4 calculated by equation 51,
we can setup our hypothesis test with the following set of equations.

Y =0K+o.l

R=[0 1]

W =R(X'E2"'X)'R’

q=2
Here x; is SNP vector i. We will assume that y ~ N(0,X) under the null. If we introduce a SNP effect of
magnitude 0 then y ~ N(dx;,X). We would like to estimate our power to detect this SNP effect. In order to
do this we define our null test as R3 = 0, which follows x2(¢q). Our alternative alternative distribution then
follows x%(q; 0’W~14). This follows from our earlier derivation of the alternative distribution (equation 39).

To calculate the power we then simply integrate over the alternative distribution from v to oo, where v is
the value for which (1 — a)% of x?(q) values fall below.

10



The problem with this is the calculation of §. We know that § = \/ﬂ>2 , where [3 is given by equation 56.
Our calculation for 82 neccesitates knowledge of the distribution of the sample variance of y, which we do not
have. In order to get around this, we can approximate the disribution through sampling. For each sampled
point, we can calculate 32 and the correponding non-centrality parameter and then average the power over
each of these.
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